In this paper we introduce the continuous quaternion wavelet transform (CQWT). We express the admissibility condition in terms of the (right-sided) quaternion Fourier transform. We show that its fundamental properties, such as inner product, norm relation, and inversion formula, can be established whenever the quaternion wavelets satisfy a particular admissibility condition. We present several examples of the CQWT. As an application we derive a Heisenberg type uncertainty principle for these extended wavelets.
Introduction
The quaternion Fourier transform (QFT), which is a nontrivial generalization of the real and complex Fourier transform (FT) using quaternion algebra has been of interest to researchers for some years (see e.g. [1, 2, 7, 16] ). It was found that many FT properties still hold but others have to be modified. Based on the (right-sided) QFT, one can extend the classical wavelet transform (WT) to quaternion algebra while enjoying the same properties as in the classical case. He [21] and Zhao and Peng [23] constructed the continuous quaternion wavelet transform of quaternion-valued functions. They also demonstrated a number of properties of these extended wavelets using the classical Fourier transform (FT). In [6] , using the (two-sided) QFT Traversoni proposed a discrete quaternion wavelet transform which was applied by Bayro-Corrochano [12] and Zhou et al. [13] . Recently, in [18, 19] , we introduced an extension of the WT to Clifford algebra by means of the kernel of the Clifford Fourier transform [8] .
The purpose of this paper is to construct the 2-D continuous quaternion wavelet transform (CQWT) based on quaternion algebra. We emphasize that our approach is significantly different from previous work in the definition of the exponential kernel. Our construction uses the kernel of the (right-sided) QFT which in general does not commute with quaternions. The previous papers considered the kernel of the FT which commutes with the quaternions so that the properties of the extension of the WT to quaternion algebra is a quite similar to the classical wavelets. In the present paper we use the (right-sided) QFT to investigate some important properties of the CQWT. Special attention is devoted to inner product, norm relation, and inversion formula. We show that these fundamental properties can be established whenever the admissible quaternion wavelets satisfy a particular admissibility condition. Using the properties of the CQWT and the uncertainty principle for the (right-sided) QFT [16] we establish an uncertainty principle for the CQWT.
Basics
For convenience of further discussions, we briefly review some basic ideas on quaternions, the (right-sided) QFT and the similitude group SIM(2). The quaternion algebra over R, denoted by H, is an associative non-commutative four-dimensional algebra,
The quaternion conjugate of a quaternion q is given by
and it is an anti-involution, i.e.
qp ¼ p q: ð4Þ
From (3) we obtain the norm of q 2 H defined as
It is not difficult to see that
It is convenient to introduce the inner product of two quaternion functions, f ; g : R 2 ! H, as follows:
In particular, if f = g, then we obtain the associated norm
As a consequence of the inner product (7) we obtain the quaternion Cauchy-Schwarz inequality
Based on quaternions we can define the (right-sided) QFT.
HÞ is the function F q ff g : R 2 ! H given by F q ff gðxÞ ¼f ðxÞ ¼
where x = x 1 e 1 + x 2 e 2 , x = x 1 e 1 + x 2 e 2 , and the quaternion exponential product e Table 1 presents some useful properties of the (right-sided) QFT. Detailed information about the QFT and its properties can be found in [1, 7, 16] . Following Antoine et al. [3, 4] , we consider the similitude group SIM(2) denoted by G on R 2 associated with wavelets as follows.
where SO(2) is the special orthogonal group of R 2 . The multiplication defined by (14) follows the group law
The rotation r h 2 SO(2) acts on x 2 R 2 as usual,
The left Haar measure on G is given by dkða; h; bÞ ¼ dlða; hÞd 2 b;
where dlða; hÞ ¼ dadh a 3 and dh is the Haar measure on SO (2) . For the sake of simplicity, we write dl = dl(a, h) and dk = dk(a, h, b).
Construction of 2-D quaternion wavelets
Based on quaternions and the (right-sided) QFT, one can extend the real (or complex) wavelet transform to a quaternion wavelet transform. This section constructs the 2-D CQWT from a group theoretical point of view. We shall characterize the admissibility condition in terms of the (right-sided) QFT and define the CQWT in terms of an admissible quaternion wavelet.
Admissible quaternion wavelet
Definition 2 (Admissible quaternion wavelet). Let AQW denote the class of admissible quaternion wavelets w 2 L 2 ðR 2 ; HÞ which satisfy the following admissibility condition, i.e.
is a real positive constant independent of x satisfying jxj = 1. Denote by C w , the real positive constant. 
2 ; HÞ is radially symmetric, that is, rotation invariant, jŵj is continuous at x = 0, and jŵð0Þj ¼ 0. Then w 2 AWQ. Let us show this fact. Denote e = (1, 0). For x satisfyingjxj = 1, there exists g 2 [0, 2p) such that x = r g (e). Since w is radially symmetric,ŵ is also radially symmetric. Then, we havê wðar Àh ðxÞÞ ¼ŵðar Àhþg ðeÞÞ ¼ŵðaeÞ;
The condition jŵð0Þj ¼ 0 ensures the integrability of the right-hand side of (18). af(x) + bg(x) aF q ff gðxÞ þ bF q fggðxÞ
Plancherel's formula where we assume that F q fw s g 2 L 2 ðR 2 ; RÞ, for s = 0, 1, 2, 3. Like for classical wavelets [15, 20] , the zeroth moment of w 2 AQW vanishes,
It means that the integral of every component w s of the quaternion mother wavelet is zero
, and r h 2 SO (2), we define the unitary linear operator
The family of wavelets w a,h,b are called daughter quaternion wavelets where a is a dilation parameter, b a translation vector parameter, and h an SO(2) rotation parameter.
By straightforward calculations we obtain the following lemma. 
It must be remarked that the order of the terms in (31) is fixed because of the non-commutativity of the product of quaternions. Changing the order yields another quaternion valued function which differs by the signs of the terms. Eq. (31) clearly shows that the CQWT can be regarded as the inner product of a quaternion-valued signal f with daughter quaternion wavelets. 
The following proposition is a particular case of the lemma proved above. 
Examples of 2-D quaternion wavelets
As examples of AQW we first take the difference of Gaussian (DOG) wavelet which the mother wavelet w obtained by subtracting a wide Gaussian from a narrow Gaussian.
Example 1. Consider the two-dimensional DOG wavelets or difference-of-Gaussian wavelets (see [3] ): 
The DOG wavelet for c = 7/25 is illustrated in Fig. 1 
Þ=2
; ð46Þ
where we used the fact that the (right-sided) QFT of the Gaussian function is another Gaussian function (see [16] ). The quaternion Fourier transform F q fw a;h;b g of the DOG wavelet is illustrated in Fig. 2 
It is known (see [17] ) that the (right-sided) QFT of f is given by
The CQWT with respect to the DOG wavelets (45) are obtained as follows:
T w f ða; h; bÞ ¼ F q ðT w f ða; h; ÁÞÞðxÞ ¼ aF q ff gðxÞF q fw a;h;b gðxÞ ¼ a 
Example 2. The two-dimensional quaternionic Hermite wavelets (compare to [9, 10] 
and
It is easy to see that Eq. (50) are alternatively real or quaternion-valued. In the following we show that in terms of the QFT them are real-valued. Notice that for l = 1 we have 
For l = 2 we first observe that
. Using the properties of the (right-sided) QFT in Table 1 
Basic properties
Some basic properties of the CQWT are summarized in the following proposition. The properties correspond to classical wavelet transform properties. Their proofs are verified by straightforward calculations and can be found in [15, 18, 20] . Proposition 2. Suppose that w, / 2 AQW. If w = w 0 + iw 1 + jw 2 + kw 3 and / = / 0 + i/ 1 + j/ 2 + k/ 3 and if f, gare two quaternion functions belonging to L 2 ðR 2 ; HÞ, then for every ða; bÞ 2 R þ Â R 2 we have the following properties.
(i) (Left linearity)
1
½T w ðaf þ bgÞða; h; bÞ ¼ aT w f ða; h; bÞ þ bT w gða; h; bÞ;
where a and b are quaternion constants in H. (ii) (Translation covariance)
where c is a real positive constant.
(iv) (Rotation covariance)
½T w f ðr h 0 ÁÞða; h; bÞ ¼ T w f ða; h 0 ; r h 0 bÞ
½T Pw Pf ða; h; bÞ ¼ T w f ða; h; ÀbÞ;
where P is the parity operator defined by Pf(x) = f(Àx).
(vi) (Antilinearity)
½T awþb/ f ða; h; bÞ ¼ T w f ða; h; bÞ a þ T / f ða; h; bÞ b;
for any quaternion constants a, b in H. 
Reproducing formula
In this section we show that the quaternion function f can be recovered from its CQWT whenever the quaternion wavelets satisfy the following admissibility condition.
Theorem 2 (Inner product relation). Suppose that w = w 0 + iw 1 + jw 2 + kw 3 2 AQW be a quaternion admissible wavelet which defines the CQWT (31). If F q fwg 2 L 2 ðR 2 ; RÞ satisfies the admissibility condition defined by (17) . Then for every f ; g 2 L 2 ðR 2 ; HÞ \ L 1 ðR 2 ; HÞ we have
Proof. Applying Placherel's formula for the (right-sided) QFT (12) to the b-integral into the left side of (54) yields (compare to Gr€ ochenig [5] )
In the third equality we applied Fubini's theorem to reverse the integration order. h
In particular, if f = g in (54) we have
This shows that, except for the factor C w , the CQWT is an isometry from L 2 ðR 2 ; HÞ to L 2 ðG; HÞ.
Theorem 3 (Inversion formula). Under the assumptions of Theorem 2, any quaternion function f 2 L 2 ðR 2 ; HÞ can be decomposed as
where the integral converges in the weak sense.
Proof. 
Because the inner product identity holds for every g 2 L 2 ðR 2 ; HÞ we conclude that
which completes the proof. h Theorem 4 (Reproducing kernel). Suppose that w 2 AQW. If
Proof. By inserting (57) into the definition of the CQWT (31) we have
The proof is complete. h
Uncertainty principle for the CQWT
The classical uncertainty principle of harmonic analysis states that a non-trivial function and its FT cannot both be simultaneously sharply localized [22] . In quantum mechanics the uncertainty principle asserts that one cannot at the same time be certain of the position and of the velocity of an electron (or any particle). That is, increasing the knowledge of the position decreases the knowledge of the velocity or momentum of an electron. This section extends the uncertainty principle which is valid for the QFT to the setting of the CQWT.
Let us now formulate an uncertainty principle for the CQWT. This principle describes how the CQWT relates to the (rightsided) QFT of a quaternion function. 
We begin with the proof of Theorem 5.
Proof. Using the uncertainty principle for the (right-sided) QFT (see [16] for more details), we get kb k T w f ða; h; ÁÞk 
